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Abstract Guided-mode coupling in a microresonator generally manifests itself through avoided crossings
of the corresponding resonances. This coupling can strongly modify the resonator local effective dispersion
by creating two branches that have dispersions of opposite sign in spectral regions that would otherwise
be characterized by either positive (normal) or negative (anomalous) dispersion. In this paper, we study,
both analytically and computationally, the general properties of nonlinear frequency comb generation at
an avoided crossing using the coupled Lugiato-Lefever equation. In particular, we find that bright solitons
and broadband frequency combs can be excited when both branches are pumped for a suitable choice of
the pump powers and the detuning parameters. A deterministic path for soliton generation is found.
PACS. 42.65.Tg Optical solitons; nonlinear guided waves – 42.65.Sf Dynamics of nonlinear optical
systems; optical instabilities, optical chaos and complexity, and optical spatio-temporal dynamics
1 Introduction
High-quality (Q) microcavities play a fundamental role
in linear and nonlinear optics [1, 2]. The strength of the
nonlinear light-matter interactions in a microcavity is pro-
portional to the product of the atomic transition rate of
the medium filling the cavity and the cavity Q-factor.
Hence, a high Q increases the efficiency of the nonlin-
ear interaction and thus enhances the material’s effec-
tive nonlinearity [1]. Among high-Q optical microcavi-
ties, a particularly interesting category is the one that
includes dielectric micro-toroid resonators [3] and dielec-
tric microspheres [4,5]. In both the micro-toroid resonator
and the microsphere, the electromagnetic field is concen-
trated in the immediate vicinity of the dielectric-air inter-
face and propagates along the circumference in a similar
fashion to what acoustic waves do in a circular acous-
tic resonator, as first described by Lord Rayleigh [6] for
the whispering gallery of St. Paul’s Cathedral in London,
from which the name “whispering-gallery-mode” (WGM)
resonators is derived. In the last few years a great deal
of theoretical and experimental effort has been devoted to
the study of mode-locked soliton generation in WGM res-
onators with a Kerr nonlinearity [7–12]. In the Fourier do-
main, the mode-locked train of solitons gives rise to a fre-
quency comb made of narrow and nearly equidistant spec-
tral lines, which is promising for applications to metrol-
a Corresponding author: giusdag@utexas.edu or
giuseppe.daguanno@gmail.com
ogy, high-resolution spectroscopy, and microwave photon-
ics. In particular, recent theoretical and experimental ef-
forts [13, 14] have demonstrated that the spectrum of a
soliton train generated in the anomalous dispersion re-
gion of the resonator can be broadened well into the nor-
mal dispersion region due to the mode interaction and
the emission of soliton Cherenkov radiation. Achieving a
broadband frequency comb with more than one octave of
bandwidth in a microresonator is important because it al-
lows the measurement of the carrier-envelope offset [15]
and might open the door to self-referencing combs on
chip-scale dimensions [16,17]. Other experiments have also
shown that strong modification of the effective disper-
sion properties of the resonator with respect to the ma-
terial properties can occur in spectral regions near the
avoided-mode-crossing points of the resonator [18, 19]. In
these regions, two frequency-degenerate guided modes of
the resonator undergo a strong linear interaction, with
a group velocity mismatch (GVM) practically equal to
zero, leading to the formation of two new hybrid guided
modes with group velocity dispersions (GVDs) of opposite
sign. An example is provided in Fig. 1. In the example an
avoided crossing is simulated for a Si3N4 resonator em-
bedded in SiO2 with radius 942.8 µm (total path length
5.92 mm) and a waveguide cross-section 2 µm × 550 nm.
The corresponding waveguide admits two transverse elec-
tric (TE) guided modes, TE10 and TE20, in the normal
dispersion regime. A family of resonator eigenfrequencies,
indicated with asterisks in the figure, can be calculated for
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each one of the guided modes. Close to the wavelength of
λ = 1.542 µm, the resonator eigenfrequency of the TE10
mode and that of the TE20 mode are degenerate. The
two frequency-degenerate guided modes of the resonator
undergo a strong linear interaction with a group veloc-
ity mismatch practically equal to zero. This strong inter-
action leads to the formation of two new hybrid guided
modes (ω±), that we call respectively Hybrid 1 and Hybrid
2 in the figure, that are no longer frequency-degenerate,
and whose frequency splitting depends on the coupling
strength of the frequency-degenerate modes. This reso-
nant mode-coupling is described by the following equation
ω± =
ωTE10 + ωTE20
2
±
√
(ωTE10 − ωTE20)2
4
+ κ2 (1)
where ωTE10 is the resonator eigenfrequency of the TE10
mode, ωTE20 that of the TE20 and κ is the coupling coef-
ficient. The value of the coupling coefficient has been cho-
sen according to the experimental data reported in [18].
In this case, one of the two modes (Hybrid 2) acquires
anomalous dispersion in a spectral region that would oth-
erwise be characterized by normal dispersion. The figure
shows the free spectral range (FSR) vs. wavelength of the
unperturbed modes, TE10 and TE20, and that of the per-
turbed modes. It is noted that both unperturbed modes
have normal dispersion, i.e. their FSR increases as the
wavelength increases, while the dispersion is normal for
Hybrid 1 and anomalous for Hybrid 2.
In a recent publication [20], the coupled Lugiato-Lefever
equation (CLLE) that governs the nonlinear interaction
between two families of modes with different transverse
profiles in a generic WGM resonator was derived from
first principles. In this paper, we use the CLLE to study
the general properties of nonlinear frequency comb gener-
ation at an avoided crossing. In particular, we find that
bright solitons and broadband frequency combs can be ex-
cited when both branches are indipendently pumped for
a suitable choice of the pump powers and the detuning
parameters. Moreover, the soliton generation follows a de-
terministic path. The use of two independent pumps plays
a critical role in the deterministic generation of solitons.
While use of independent pumps has previously been dis-
cussed [21,22], their usefulness in the deterministic gener-
ation of solitons has not been pointed out previously.
Nonlinear interactions are ubiquitous and the phenomenon
of avoiding crossings does not only appear in guided-wave
optics, but also appears in many other fields such as quan-
tum chemistry, nuclear physics, quantum electrodynamics
and quantum chromodynamics [23]. Hence, we expect that
the results discussed in this paper will have a similar broad
range of applicability.
2 Results and Discussion
We start with the CLLE, recently derived in Ref. [20],
that governs the nonlinear interaction of two modes in a
Figure 1. Shown is an example of a simulated avoided
crossing for a Si3N4 resonator embedded in SiO2 with radius
942.8 µm (total path length 5.92 mm) and 2 µm × 550 nm
waveguide cross-section. The inset on the right is a schematic
drawing of the waveguide cross-section. The details of the fig-
ure are described in the main text.
generic WGM resonator:
∂ψ(j)
∂τ
= δ(j)
∂ψ(j)
∂θ
− i β¯
(j)
2
2
∂2ψ(j)
∂θ2
−
( τ¯
τ (j)
+ iα(j)
)
ψ(j)
+ ih(j) + iψ(j)
2∑
k=1
D(j,k)|ψ(k)|2, (2)
with j = 1, 2. In Eq. (2), τ = t/τ¯ is the time normalized
to the average cavity photon lifetime of the two modes
[τ¯ = (τ (1) + τ (2))/2]; θ is the resonator azimuthal coor-
dinate in the retarded coordinate system; δ(j) is the nor-
malized GVM; α(j) = δω(j)τ¯ is the normalized detuning;
δω(j) = ω
(j)
m¯ −ω(j)p is the detuning of the frequency of the
pump field with respect to the m¯th cavity eigenfrequency;
m¯ labels the cavity eigenfrequency closest to the pump fre-
quency, which we call the dominant eigenfrequency; ω
(j)
p is
the pump frequency associated with the jth mode (ω
(1)
p
∼=
ω
(2)
p
∼= ωp); ω(j)m denotes the mth cavity eigenfrequency as-
sociated with the jth mode; ψ(j) =
√
2χ(3)Qe−iα
(j)τ
Ψ (j)
is the dimensionless field envelope and Ψ (j) the field enve-
lope; χ(3) is the resonator cubic nonlinearity; Q ∼= τ¯ωp/2 is
the cavity Q-factor referred to the average cavity photon
lifetime; β¯
(j)
2 = β
(j)
2 τ¯ is the normalized GVD parameter;
β
(j)
2 = −(ω(j)m¯+1−2ω(j)m¯ +ω(j)m¯−1) denotes the GVD parame-
ter (the dispersion is normal when β
(j)
2 > 0 and anomalous
when β
(j)
2 < 0); h
(j) = H(j)
√
2χ(3)Q3 is the dimensionless
pump field coupled with the jth mode and H(j) the pump
field; and D(j,k) are the overlap integrals of the modes.
In particular, D(1,1) and D(2,2) account for the nonlinear
self-coupling of mode-1 and mode-2, respectively, while
D(1,2) and D(2,1) account for the cross-coupling between
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the two modes (D(1,2) = D(2,1)). For a detailed derivation
of Eq. (2), the reader can consult Ref. [20]. In general, each
mode, j = 1, 2, can be independently pumped [21,22]. We
will show that this extra degree-of-freedom makes it pos-
sible to generate a soliton deterministically.
In the case considered here, the two modes are the
two hybrid modes of an avoided crossing and Eq. (2) can
be simplified. First, at the avoided crossing, the GVM of
the two interacting modes is practically zero, i.e. the two
modes have approximately the same FSR, as shown in
Fig. 1. Hence, we can set δ(j) = 0. Second, the GVD
parameters of the two modes are opposite in sign, but
approximately equal in absolute value (|β¯(1)2 | ∼= |β¯(2)2 | ∼=|β¯2|). Third, the cross-coupling terms are twice as large as
the self-coupling terms. These simplifications lead to the
following equation
i
∂U (1)
∂τ
− 1
2
∂2U (1)
∂σ2
+ (i− α(1))U (1)
+ U (1)(|U (1)|2 + 2|U (2)|2) = −
√
P (1) , (3.a)
i
∂U (2)
∂τ
+
1
2
∂2U (2)
∂σ2
+ (i− α(2))U (2)
+ U (2)(2|U (1)|2 + |U (2)|2) = −
√
P (2) , (3.b)
where, without loss of generality, following the example
provided in Fig. 1, we have supposed that the hybrid mode
1 is in the normal dispersion regime and the hybrid mode
2 is in the anomalous dispersion regime. In Eq. (3), we
rescale the azimuthal coordinate, the field envelope, the
pump power so that σ = θ/(|β¯2|)1/2, U (j) =
√
D(1,1)ψ(j),
and P (j) = D(1,1)h(j)2 > 0. In Eq. (3), we also assumed
that the cavity photon lifetimes associated with the two
modes are equal. If the detuning, the loss and the pump
are all suppressed in Eq. (3), Eq. (3) becomes formally
identical to the equations that describe the nonlinear, in-
coherent coupling of two light pulses co-propagating in a
single-mode fiber in the normal and anomalous dispersion
regime, respectively [24]. We find by substitution into
Eq. (3) that a particular class of continuous-wave (CW)
solutions is the one given by
U
(1)
0 = i
√
P (1), U
(2)
0 = i
√
P (2) , (4)
with α(1) = P (1) +2P (2) and α(2) = 2P (1) +P (2). The for-
mation of a train of solitons is generally initiated by the
modulational instability (MI) of the CW solutions [25,26].
Hence, we search for parameters for which the MI appears.
We write the field envelope as U (j) = [U
(j)
0 + v
(j) + iw(j)],
where v(j)(σ, τ) and w(j)(σ, τ) are small perturbations,
and we next linearize Eq. (3) around U
(j)
0 . We then search
for forward-propagating wave solutions in the form v(j) =
Re{x(j) exp[i(Kσ −Ωτ)]} and w(j) = Re{y(j) exp[i(Kσ −
Ωτ)]}, where Ω is the frequency shift with respect to the
dominant frequency and K is the corresponding shift in
the wavenumber. Substituting the traveling wave solutions
into the linearized system, we obtain the following system
of linear, homogeneous, algebraic equations

K2/2 iΩ− 1 0 0
−iΩ + 1 K2/2 0 4
√
P (1)P (2)
0 0 −K2/2 iΩ− 1
0 4
√
P (1)P (2) −iΩ + 1 −K2/2


x(1)
y(1)
x(2)
y(2)
 =
000
0
 . (5)
Equation (5) admits non-trivial solutions when the deter-
minant of the matrix is zero. This compatibility condition
yields the dispersion relation, Ω(K), which has four solu-
tions
iΩ(±,±) = 1±
{
−K
4
4
± 2iK2
√
P (1)P (2)
}1/2
. (6)
The MI occurs at those values of K at which Re(iΩ) < 0
and the traveling waves grow exponentially. The solutions
iΩ(+,+) and iΩ(+,−) never satisfy the condition Re(iΩ) <
0. Instead, the solutions iΩ(−,+) and iΩ(−,−) both satisfy
this condition, but iΩ(−,+) corresponds to the backward
propagating wave because Im(iΩ(−,+)) < 0. Hence, the
solution that yields MI for the forward-propagating wave
is the fourth one, iΩ(−,−). Due to the 2pi-periodicity of
the system in the azimuthal coordinate θ, the wavenum-
ber K can only assume discrete values, K = p(|β¯2|)1/2,
where p = m − m¯ = ±1,±2, ... is the shift of the eigen-
frequency number of the perturbation with respect to the
eigenfrequency number m¯ of the dominant eigenfrequency.
Explicit expressions for the eigenvector components are
x(1) = C , (7.a)
y(1) = −CK2/∆ , (7.b)
x(2) =
C∆[K4 +∆2]
8K2
√
P (1)P (2)∆
, (7.c)
y(2) =
C[K4 +∆2]
8
√
P (1)P (2)∆
, (7.d)
where ∆ = 2[iΩ(−,−) − 1] and C is an arbitrary constant
that quantifies the magnitude of the modulation around
the CW solutions.
To verify the results of our analytical study, we have
performed a numerical integration of Eq. (3), using a sym-
metrized fast Fourier transform, split-step algorithm [27]
with the initial conditions
U (j)(σ, τ = 0) = U
(j)
0 + Re
[
x(j) exp (iKσ)
]
+ iRe
[
y(j) exp (iKσ)
]
, (8)
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with j = 1, 2, where U
(j)
0 is given by Eq. (3) and x
(j) and
y(j) are given by Eq. (7). The initial conditions described
in Eq. (8) are the CW solutions modulated by the solu-
tions of the linearized system, setting C = 0.1. In Fig. 2,
we show the results of a large scale numerical integration
of Eq. (3) in the parameter space (P (1), P (2)) to search for
bright solitons at the avoided crossing.
Figure 2. Parameter values (shaded) in the parameter space
for which the MI occurs according to the dispersion relation,
Eq. (6). In this case, the dispersion has been calculated at
K = 16(|β¯2|)1/2 for the fourth solution, iΩ(−,−). The circles,
the squares and the diamonds indicate the position of spatio-
temporal periodic patterns, hyperparametric oscillations and
bright solitons, respectively. The results have been obtained
by the numerical integration of Eq. (3) with the initial con-
ditions reported in Eq. (8). The numerical integration has
been performed for the following values of the parameters:
α(1) = P (1) + 2P (2), α(2) = 2P (1) + P (2), K = 16(|β¯2|)1/2,
and |β¯2| = 0.01. It is noted that all the states exist near the
border of the MI region, as expected.
The numerical integration has been performed using
the following values of the remaining parameters: α(1) =
P (1) + 2P (2), α(2) = 2P (1) + P (2), K = 16(|β¯2|)1/2, and
|β¯2| = 0.01. Three different regimes can be clearly iden-
tified near the border of the MI region. The first regime
is obtained when both branches are pumped with com-
parable powers (P (1) ≈ P (2)). In this case, the light self-
organizes into spatio-temporal periodic patterns. An ex-
ample is provided in Fig. 3. By increasing the pumping
level on the anomalous dispersion branch, hyperparamet-
ric oscillations are obtained. An example is provided in
Fig. 4. In the Fourier space, these hyperparametric oscilla-
tions are characterized by a coarse-tooth frequency comb.
Although for many applications a dense-tooth frequency
comb is generally more desirable than a coarse-tooth one,
that is not always the case. Frequency combs with coarse-
tooth characteristics are useful, for example, in quantum
networking [28] or astrocombs [29], where limiting the
number of comb lines and precisely controlling their am-
plitudes is required. In the transition region between the
periodic patterns and the hyper-parametric oscillations,
the field initially self-organizes into periodic patterns, but
then at some point suddenly changes into a CW solu-
tion. Finally, by further increasing the pump level on the
anomalous dispersion branch, (P (2)  P (1)), solitons, and
hence dense-tooth (broadband) frequency combs, become
accessible. In Fig. 5, we show an example of a 2-soliton
state. To exploit this mechanism, two different pumps are
needed, where each of them is closely detuned from only
one of the transverse modes.
We emphasize two points. First, the soliton genera-
tion just described strictly depends on the presence of the
cross-coupling term. Hence, it is the result of the nonlin-
ear interaction among the two hybrid modes. If the cross-
coupling term in Eq. (3) is neglected, solitons are not gen-
erated. Second, the region of hyperparametric oscillations
is directly connected to the region of bright solitons with
no chaotic region in between. Hence, we have identified a
deterministic path for soliton generation. By contrast, in
standard soliton generation in microresonators [9], a re-
gion of chaotic oscillations separates the region of solitons
from the region of hyperparametric oscillations. Our find-
ing is consistent with previous experimental results where,
close to an avoided crossing of a microresonator, the direct
generation of coherent, bandwidth-limited pulses (solitons)
has been observed without the need to first pass through
a chaotic state [18].
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Figure 3. Example of a spatio-temporal periodic pattern calculated for P (1) = 0.75 and P (2) = 0.6. (a) and (b): Spatio-temporal
evolution of the numerical solutions. (c) and (d): Numerical solutions calculated at τ = 600. (e) and (f): Fourier transform (Ft)
of the solutions.
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Figure 4. Example of hyperparametric oscillations calculated for P (1) = 0.15 and P (2) = 1.95. (a) and (b): Spatio-temporal
evolution of the numerical solutions. (c) and (d): Numerical solutions calculated at τ = 600. (e) and (f): Fourier transform (Ft)
of the solutions.
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Figure 5. Example of a 2-soliton state calculated for P (1) = 0.3 and P (2) = 3. (a) and (b): Spatio-temporal evolution of the
numerical solutions. (c) and (d): Numerical solutions calculated at τ = 1200. (e) and (f): Fourier transform (Ft) of the solutions.
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3 Conclusions
In conclusion, we have studied nonlinear mode cou-
pling in WGM resonators at an avoided crossing, and we
have found a deterministic path to generate bright solitons
and broadband combs. The generation of bright solitons
in a microresonator is often believed to only be possible in
the anomalous dispersion regime. Yet, it would be highly
beneficial for many applications to generate bright soli-
tons and broadband combs in the visible and near-UV,
where most of the dielectric materials have normal dis-
persion. Recently, several approaches have been proposed
to broaden the frequency comb into the normal dispersion
region. Such approaches include, among others, the gen-
eration of Cherenkov radiation [13, 14], second harmonic
generation [30, 31], and the use of concentric-racetrack-
resonators [32]. In this work, we have proposed a different
approach that is based on the peculiar dispersion proper-
ties that can be achieved at an avoided crossing. We have
shown that bright solitons and broadband combs can be
deterministically generated at an avoided crossing by us-
ing two independent pumps at different pump frequencies.
Regardless of whether the resonator is in a normal or an
anomalous dispersion region, an avoided crossing provides
two branches with dispersion of opposite sign whose non-
linear coupling can lead to a deterministic path for bright
soliton and broadband comb generation.
4 Acknowledgments
This work was supported in part by ARL Project No.
W911NF-13-2-0010 and by AMRDEC/DARPA Project
No. W31P4Q-14-1-0002. The numerical simulations were
carried out at UMBC’s high performance computing facil-
ity. We thank Andrew Weiner, Minghao Qi, Xiaoxiao Xue,
Jose Jaramillo-Villegas, Zhen Qi, Thomas Carruthers, and
Andrey Matsko for useful discussions.
5 Author contribution statement
G.D. developed the analytical model, performed the
numerical simulations and wrote the paper. C.R.M con-
tributed to the writing of the paper and the interpretation
of the results.
References
1. K.J. Vahala, Nature, 424, 839 (2004).
2. M. Notomi, Proceedings of the IEEE 99, 1768 (2011).
3. D.K. Armani, T.J. Kippenberg, S.M. Spillane, and K.J.
Vahala, Nature 421, 925 (2003).
4. V.B. Braginsky, M.L. Gorodetsky, and V. S. Ilchenko,
Phys. Lett. A 137, 393 (1989).
5. J.C. Knight, G. Cheung, F. Jacques, and T. A. Birks, Opt.
Lett. 22,1129 (1997).
6. Lord Rayleigh, Philos. Mag. 20, 1001 (1910).
7. P. Del’Haye, A. Schliesser, O. Arcizet, T. Wilken, R.
Holzwarth, and T. J. Kippenberg, Nature 450, 1214
(2007).
8. A. Matsko, A. Savchenkov, W. Liang, V. Ilchenko, D. Sei-
del, and L. Maleki, Opt. Lett. 36, 2845 (2011).
9. T. Herr, V. Brasch, J.D. Jost, C.Y. Wang, N.M. Kon-
dratiev, M.L. Gorodetsky, and T.J. Kippenberg, Nat.
Phot. 8, 145 (2013).
10. S. Coen, H.G. Randle, T. Sylvestre, and M. Erkintalo, Opt.
Lett. 38, 37 (2013).
11. Y.K. Chembo and C.R. Menyuk, Phys. Rev. A 87, 053852
(2013).
12. C. Godey, I.V. Balakireva, A. Coillet, and Y.K. Chembo,
Phys. Rev. A 89, 063814 (2014).
13. V. Brasch, M. Geiselmann, T. Herr, G. Lihachev, M. H.
P. Pfeiffer, M. L. Gorodetsky, T. J. Kippenberg, Science
351, 357 (2016).
14. A. Matsko, W. Liang, A. Savchenkov, D. Eliyahu, and L.
Maleki, Opt. Lett. 41, 2907 (2016).
15. S. A. Diddams, D. J. Jones, J. Ye, S. T. Cundiff, J. L. Hall,
J. K. Ranka, R. S. Windeler, R. Holzwarth, T. Udem, and
T. W. Ha¨nsch, Phys. Rev. Lett. 84, 5102 (2000).
16. X. Yi, Q.-F. Yang, K. Y. Yang, M.-G. Suh, and K. Vahala,
Optica 2, 1078 (2015).
17. Q. Li, T. C. Briles, D. A. Westly, J. R. Stone, B. R. Ilic, S.
A. Diddams, S. B. Papp, and K. Srinivasan, in Frontiers in
Optics/Laser Science of 2015 OSA Technical Digest Series
(Optical Society of America, 2015), paper FW6C.5
18. Y. Liu, Y. Xuan, X. Xue, P.-H. Wang, S. Chen, A. J. Met-
calf, J. Wang, D. E. Leaird, M. Qi, and A. M. Weiner,
Optica 1, 137 (2014).
19. S. Ramelow, A. Farsi, S. Clemmen, J. S. Levy, A. R. John-
son, Y. Okawachi, M. R. E. Lamont, M. Lipson,and A. L.
Gaeta, Optics Letters 39, 5134 (2014).
20. G. D’Aguanno and C. R. Menyuk, Phys. Rev. A 93, 043820
(2016).
21. Y. Okawachi, M. Yu, K. Luke, D. O. Carvalho, S. Ramelow,
A. Farsi, M. Lipson, and A. L. Gaeta, Optics Letters 40,
5267 (2015).
22. T. Hansson and S. Wabnitz, Phys. Rev. A 90, 013811
(2014).
23. W. D. Heiss and A. L. Sannino, J. Phys. A: Math. Gen.
23, 1167 (1990) and references therein.
24. S.Trillo, S. Wabnitz, E.M. Wright, and G.I. Stegeman,
Opt. Lett. 13, 871 (1988).
25. V. E. Zakharov and L. A. Ostrovsky, Physica D 238, 540
(2009).
26. A. Hasegawa, Opt. Lett. 9, 288 (1984).
27. J. A. Fleck, Jr., J. R. Morris, and M. D. Feit, Appl. Phys.
10, 129 (1976).
28. J. Roslund, R. M. Medeiros de Araujo, S. Jiang, C. Fabre,
and N. Treps, Nat. Phot. 8, 109 (2014).
29. C.-H. Li, A. J. Benedick, P. Fendel, A. G. Glenday, F. X.
Ka¨rtner, D. F. Phillips, D. Sasselov, A. Szentgyorgyi, and
R. L. Walsworth, Nature 452, 610 (2008).
30. F. Leo, T. Hansson, I. Ricciardi, M. De Rosa, S. Coen, S.
Wabnitz, and M. Erkintalo, Phys. Rev. Lett. 116, 033901
(2016).
31. X. Xue, F. Leo, Y. Xuan, J. A. Jaramillo-Villegas,
P.-H. Wang, D. E. Leaird, M. Erkintalo, M. Qi, and
A. M. Weiner, “Second-harmonic mode coupling in
microresonator-based optical frequency comb generation”
arXiv:1607.02711 (2016)
Please give a shorter version with: \authorrunning and \titlerunning prior to \maketitle 9
32. S. Kim, K. Han, C. Wang, J. A. Jaramillo-Villegas, X.
Xue, C. Bao, Y. Xuan, D. E. Leaird, A. M. Weiner, and
M. Qi, “Frequency Comb Generation in 300 nm Thick SiN
Concentric-Racetrack-Resonators: Overcoming the Mate-
rial Dispersion Limit” arXiv:1607.01850v1 (2016)
